Gravitational Search Algorithm (GSA) is a recent metaheuristic algorithm inspired by Newton's law of gravity and law of motion. In this search process, position change is based on the calculation of step size which depends upon a constant namely, Gravitational Constant (G). G is an exponentially decreasing function throughout the search process. Further, in-spite of having different masses, the value of G remains same for each agent, which may cause inappropriate step size of agents for the next move, and thus leads the swarm toward stagnation or sometimes skipping the true optima. To overcome stagnation, we first propose a gravitational constant having different scaling characteristics for different phase of the search process. Secondly, a dynamic behavior is introduced in this proposed gravitational constant which varies according to the fitness of the agents. Due to this behavior, the gravitational constant will be different for every agent based on its fitness and thus will help in controlling the acceleration and step sizes of the agents which further improve exploration and exploitation of the solution search space. The proposed strategy is tested over 23 well-known classical benchmark functions and 11 shifted and biased benchmark functions. Various statistical analyzes and a comparative study with original GSA, Chaos-based GSA (CGSA), Bio-geography Based Optimization (BBO) and DBBO has been carried out.
Introduction
Gravitational search algorithm [13] is a relatively new and very efficient optimization method that belongs to the family of nature-inspired optimization algorithms. GSA is inspired by Newton's law of gravity and law of motion. The movement of agents (individuals) occurs under the influence of gravitational forces [15] . Due to the gravitational forces, a global movement generates, which drives all agents toward the agents having heavier masses [6] . The details of the working of GSA are given in Section 2.
GSA has been modified in several ways to improve its performance. Inspired by Particle swarm optimization, Jagdish Chand Bansal jcbansal@gmail.com Susheel Kumar Joshi sushil4843@gmail.com Atulya K. Nagar nagara@hope.ac.uk 1 South Asian University, New Delhi, India 2 Liverpool Hope University, Liverpool, UK Seyedali Mirjalili et al. [11] proposed a variant of GSA, namely PSOGSA in which each agent memorizes its previous best position. To improve the exploration and exploitation ability of GSA, Sarafrazi et al. [15] proposed a disruption operator. Doraghinejad et al. [4] improved the convergence characteristic of GSA, by introducing a new operator based on black hole phenomena. Seyedali Mirjalili et al. [12] improved the exploitation ability of GSA by incorporating the Gbest solution (best solution obtained so far) in the search strategy of GSA. To improve the convergence speed of GSA, Shaw et al. [17] initialized the swarm using opposition-based learning. Chen et al. [3] introduced a hybrid GSA, in which a multi-type local improvement scheme is used as a local search operator. To improve the exploitation ability of GSA, Susheel et al. [7] introduced the encircle behavior of gray wolf in GSA.
In GSA, the concept of the dynamic (adaptive) parameter is proposed by Seyedali Mirjalili et al. [10] . In the proposed variant, the gravitational constant (G) adapts the chaotic behavior using 10 different chaotic maps. For a fix chaotic map, G follows a fix chaotic nature throughout the search process. In [14] , G is controlled by the fuzzy logic controller to improve the efficiency of GSA. In [1] , design of experiment (DOE) method is used to tune the GSA parameters.
A proper balance between exploration and exploitation is required for an efficient nature-inspired algorithm. According to [19] , good exploration ensures a thorough search in the search space while exploitation concentrates in the neighborhood of the best solution to ensure optimality. At the initial phase of search process the solutions may be far from the optimum solution, hence a large step size is required at the beginning (exploration) and when the solutions are converged toward an optimum solution, the small step size is needed for better exploitation in the neighborhood of the solution [8] .
To improve the exploitation and exploration properties of the original gravitational search algorithm, a modified version of GSA called Fitness Varying Gravitational Constant in GSA (FVGGSA) is introduced in this paper. First, a gravitational constant having different scaling characteristics for the different phase of the search process is employed to avoid the possibility of stagnation in intermediate phases of search process. Further, each agent is incorporated with an ability to accelerate itself due to its individual gravitational constant which depends upon the fitness probability.
Therefore, both modifications have complementary advantages which provide a novel approach of self adapting step size for the next move toward the optimum, resulting in a balanced trade-off between exploration and exploitation properties of the algorithm.
To the best of the authors' knowledge these kind of settings for gravitational constant which incorporate both fitness of the agent and different scaling parameters for different phases of the search process have not been proposed and implemented earlier in the literature. These two modifications make the proposed variant more efficient than the other previous variants of GSA in terms of dynamic parameters and novelty, respectively.
The remaining paper is organized as follows: Section 2 provides an overview of basic GSA. Fitness varying Gravitational Constant in GSA is proposed in Section 3. Section 4 describes the experiment results and comparative study. Finally the paper is concluded in Section 5.
Standard GSA
Gravitational Search Algorithm (GSA) is a new swarm intelligence technique for optimization developed by Rashedi et al. [13] . This algorithm is inspired by the law of gravity and the law of motion.
The GSA algorithm can be described as follows:
Consider the swarm of N agents, in which each agent X i in the search space S is defined as:
Here, X i shows the position of i th agent in n-dimensional search space S. The mass of each agent depends upon its fitness value as follows:
Here,
is the fitness value of agent X i at iteration t, M i (t) is the mass of agent X i at iteration t.
Worst(t) and best(t) are worst and best fitness of the current population, respectively.
The acceleration of i th agent in d th dimension is denoted by a d i (t) and defined as:
Where
is the total force acting on the i th agent by a set of Kbest heavier masses in d th dimension at iteration t.
Here, KBEST is the set of first K agents with the best fitness values and biggest masses and rand j is a uniform random number between 0 and 1. Kbest is a linearly decreasing function of time. The value of Kbest will reduce in each iteration and at the end only one agent will apply force to the other agents. At the t th iteration, the force applied on agent i from agent j in the d th dimension is defined:
Here, R ij (t) is the Euclidean distance between two agents, i and j . is a small number. Finally, the acceleration of an agent in d th dimension is calculated as: 
Based on the velocity calculated in (9), the position of an agent X i in d th dimension is updated using position update equation as follow: 
Fitness varying gravitational constant in GSA
The robustness and effectiveness of a swarm based metaheuristic algorithms depend upon the balance between exploration and exploitation capabilities [5] . In the initial iterations of the solution search process, exploration of search space is preferred. This can be obtained by allowing to attain large step sizes by agents during early iterations. In the later iterations, exploitation of search space is required to avoid the situation of skipping the global optima [16] . Thus the candidate solutions should have small step sizes for exploitation in later iterations.
According to the velocity update equation of GSA (9), acceleration plays a crucial role in balancing the exploration and exploitation. It is clear from (7) that the acceleration is a function of gravitational constant G(t), masses M i (t) and distances R ij . It is directly proportional to gravitational constant G(t). For the higher value of G(t) the acceleration will be higher hence step size will be larger, which causes exploration. Whereas the small value of G(t) generates low acceleration and thus small step size in subsequent iterations will provide exploitation of the search space.
Therefore, the performance of GSA depends upon the gravitational constant G(t) due to its role as a controller of step size for agent's movement. Mathematically, G(t) is an exponentially decreasing function with respect to iterations by keeping scaling constant G 0 same throughout the search process. Due to this same value of scaling constant G 0 , throughout the search process, gravitational constant G(t) does not significantly change over iterations. Therefore the step size of agent's movement also does not significantly change which further reduces the convergence speed of the algorithm. 
To overcome this deficiency and make GSA faster, a new gravitational constant is introduced which have different scaling constants for different phase of the search process. A new gravitational constant is a concatenation of the different exponentially decreasing functions for different phases of the search process and defined as:
where Z is scaling constant and is different for different phases of the search process. To apply the above defined gravitational constant, the entire search process is divided into phases of equal number of iterations, example 1000 (for this study) when the total number of iterations T = 5000. Based on numerical experiments on selected test problems the values of scaling constant for various phases are determined in Table 1 . As expected, in initial phase, the value of Z is high, while in the last phase, it is minimum. In general, the value of Z for different phases of the search process can be obtained using function given below and is obtained by approximating the data of Table 1 .
Here x is the mid point of the considered range of the phase. For each Z, t is the current iteration and η is the maximum iteration of its corresponding range.
A comparison between original gravitational constant G(t) and the proposed G (t) is shown in Fig. 1 . In Fig. 1 , circles represent the effect of different values of Z in G (t) with respect to different phases of the search process. At these points, clearly, the value of G changes suddenly, which prohibits the search process for stagnation. Since the reducing constant α is responsible to navigate the search process from exploration to exploitation phase. This navigation provides the good convergence speed to GSA. Therefore, to make the faster GSA, α is set to 10 in (11). Additionally, the requirement of exploration or exploitation can also be decided by the fitness of an agent. Since the low fitness implies that the agent is not near the optima, less fit agents can be recruited to explore the search space while high fit agents can be appointed to exploit their neighborhood. Therefore, a dynamic behavior of G (t) based on the fitness of agents is introduced. The proposed fitness varying gravitational constant is defined as:
Fig. 3 Comparative behavior of G new (t) and G(t) of an agent for benchmark functions (mentioned in
Here C is a constant and prob i is the probability related to i th agent and calculated as below:
In this equation f it (i) is the fitness value of i th agent and maxfit is the maximum fitness of any agent in the current population. The fitness of an agent is calculated using the objective value as follow: It is clear from (14) that the probability prob i is proportional to fit(i). The GSA with proposed fitness varying gravitational constant is named as Fitness Varying Gravitational Constant GSA (FVGGSA). Six-hump
From (7), a(t) ∝ G(t) which implies that a(t) ∝ G (t), i.e. as G (t) increases, a(t) and thus exploration capability of GSA increases. Thus in order to have a better exploration capability newly defined gravitational constant G new (t) should be larger than G (t). That is
From (14), 0.1 ≤ prob i ≤ 1 and the average value of prob i is 0.45. Thus we set the value of constant C to be 1 + 0.45 = 1.45. Now if C = 1.45, then the proposed gravitational constant becomes:
It is clear from (16) 
t) = G (t).
Finally, due to fitness dependent G new (t), the search process becomes explorative in early iterations while exploitative in later iterations. Figure 3 illustrates 
Results and discussion

Test bed under consideration
The characteristics (C) of benchmark functions are classified into different categories like unimodal (U), multimodal (M), separable (S) and non-separable (N). Test bed 2 contains the benchmark functions having higher complexities due to their shift and bias nature.
Experimental setting
In order to validate the effectiveness and robustness of proposed algorithm, FVGGSA is compared with a recent Table 3 Shifted and biased benchmark functions (test bed 2) [10] Objective function Search range Optimum value n C where, GSA variant, namely Chaotic GSA (CGSA) [10] . In CGSA, there are 10 different variants (CGSA1 to CGSA10) based on 10 different chaotic maps. As per the original paper, CGSA8 and CGSA9 are the best two variants than others. Therefore, FVGGSA is compared with two best CGSA variants (CGSA8 and CGSA9) along with basic GSA, biogeography-based optimization (BBO) [18] and Disruption in biogeography-based optimization (DBBO) [2] . This comparison has been done over the test bed 1 with the popular experimental setting given in Section 4.2.1.
In order to check the robustness of the proposed FVGGSA, it is further tested over more complex shifted and biased problems of test bed 2. To perform a fair comparison between FVGGSA and CGSA, the parameter setting for this test bed has been adopted from [10] as it is. The detailed description about the choice of the parameter settings can be found in [10] . The parameter setting for test bed 2 is given in Section 4.2.2.
Parameter setting for test bed 1
-The number of simulations/run = 30, -Swarm size = 50, -The stopping criteria is either acceptable error (refer Table 2 ) has been achieved or maximum number of function evaluations (which is set to be 200000) is reached, -Parameters for the algorithms GSA [13] , BBO [18] , DBBO [2] , CGSA8 [10] and CGSA9 [10] are considered from the corresponding resources.
Parameter setting for test bed 2
-The number of simulations/run = 20, -Swarm size = 30, -The stopping criteria is the maximum number of function evaluations (which is set to be 20500) is reached, -Parameters for all the variants of chaotic GSA [10] and GSA are adopted from their original papers.
Result and statistical analysis of experiments
Test bed 1
The results of the considered algorithms over the benchmark functions of test bed 1 are listed in Table 4 . In this table, the criteria of comparison are standard deviation (SD), mean error (ME), average number of function evaluations (AFEs) along with the success rate (SR). AFEs, SR and ME present the efficiency, reliability and accuracy of an algorithm, respectively. The bold entries present the supremacy of an algorithm over others. Table 4 shows that most of the time FVGGSA dominates other algorithms with respect to efficiency, reliability and accuracy. Further, to compare the algorithms on the basis of AFEs, boxplots analyzes have been carried out. From Fig. 5 , it is clear that the boxplot of FVGGSA have less interquartile range and medians as compared to GSA, CGSA8, CGSA9, BBO and DBBO which implies that FVGGSA is more efficient over other considered algorithms. This difference may occur due to chance and therefore data comparison test is required. It is clear from the Fig. 5 that the data used in the boxplot analysis are not normally distributed. Therefore a non-parametric statistical test, the Mann Whitney U rank sum test is applied.
The Mann-Whitney U rank sum test [9] is a nonparametric test for comparison among the data which are not normally distributed. In this study, this test is performed at 5% level of significance (α = 0.05) with null hypothesis, 'There is no significant difference in the data', between FVGGSA-GSA, FVGGSA-CGSA8, FVGGSA-CGSA9, FVGGSA-BBO and FVGGSA-DBBO. If the significant difference between two data sets does not occur, it implies that the null hypothesis is accepted, therefore sign '=' appears. On the contrary, when the null hypothesis is rejected, '−' or '+' signs appears.
In this paper, the data sets are the AFEs of a particular algorithm. A '−' or '+' sign shows that a particular algorithm has more or less number of function evaluations as compared to other. Table 5 presents the results of MannWhitney U rank sum test for AFEs of 30 runs. In Table 5 , 114 '+' signs out of 115 comparisons assure that FVGGSA requires less number of function evaluations as compared to the other considered algorithms. To further verify the exploitation of FVGGSA, the convergence behavior of the considered algorithms over some unimodal and multimodal benchmark functions is illustrated in Fig. 6 . It can be observed in Fig. 6 , FVGGSA outperforms others in terms of exploitation ability due to its fastest convergence rate.
Test bed 2
To check the performance of the proposed algorithm over more complex problems, FVGGSA is re-evaluated over the shifted and biased benchmark problems of test bed 2. Tables 6 and 7 present the experimental results which are obtained by the average of 20 independent runs. Except FVGGSA, other results are adopted from [10] . The criteria of comparison are mean and standard deviation (SD) of the objective function values. The bold entries indicate Fig. 7 . It can be clearly observed that FVGGSA has the fastest convergence rate as compared to GSA and the best variant of CGSA. Based on the numerical results of FVGGSA on the problems of Test bed 1 and Test bed 2 it is suggested that FVGGSA can be applied to solve the problems in continuous domain which are non-separable and uni-modal or multi-modal.
Conclusion
To avoid the possibility of stagnation in the search process, we first proposed a gravitational constant having different scaling characteristics for different phases of the search space. Next, a novel concept of fitness varying strategy is introduced in the above proposed gravitational constant. This behavior controls acceleration of the agents in such a way that the chance of skipping the global optima is reduced while maintaining the diversity. This selfaccelerative behavior gives a special intelligence to each agent for choosing the appropriate step size for its next move. Through intensive experiments and analyzes over 23 well-known benchmark functions and 11 shifted and biased benchmark functions, the proposed algorithm has proved its efficiency for unimodal as well as multimodal problems of continuous search space. Further, it is a good choice for non separable continuous problems also.
